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MESON-TWO-NUCLEON CLOTHED GENERATORS OF THE POINCARE GROUP
DERIVED FROM QUANTUM FIELD THEORY:
MASS AND VERTEX RENORMALIZATION
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The method of unitary clothing transformation is used to deal with the so-called clothed particle representation in
which generators of the Poincaré group acquire one and the same sparse structure in the Fock space of particle states. In
the model of three-linear Yukawa type pseudoscalar interaction between nucleon and pion fields we calculate the mass
and vertex corrections in the second and third orders in the coupling constant respectively. Being expressed through
Lorentz-covariant quantities, the respective corrections are momentum independent and coincide with results obtained
within Dyson-Feynman technique.

1. Introduction. Generators of the Poincaré group

Poincaré invariance requires that there exists a unitary representation of the Poincaré group defined in a
Hilbert space. The corresponding ten generators fulfill the following set of commutation relations

[N, N I=—igJ,, [Ji. N I=1gy N, [J;,d, I=lgyJ,,
[H,N,1=-iR, [B,N,]=~io,H , [J;,R ]=lig,J,,
[P,H]=0,[J;,H]=0, [P,R]1=0, (i,k,I1 =1,2,3). )

Here H is the Hamiltonian operator, P, J; and N, are the three components of the momentum, angular

I
momentum and boost operators, respectively.
We note that in the instant form of relativistic dynamics after Dirac the four operators H and N, carry

interaction. It is well known that the one-particle eigenstates of H and N, differ from the corresponding
eigenstates of their free parts

H(@)|a'Q)# H, (a)|a'q).
N(@)|a'Q)# N, ()] ') . 2)

Here via a we denote the whole set of creation and destruction operators of bare particles with bare
masses which interact by means of bare coupling.

Therefore, one may ask a question whether there exists such a set of creation and destruction operators
o, for which the total Hamiltonin K(e,), the boost operators B(«,) and their free counterparts K. (e, )

and B (e,) would fulfill the conditions

K(e)

acTQ> =Ke(a,)

acTQ> ,

B(a,)

acTQ> =B (a,)

2/0), 3)

without destroying the algebra?
Greenberg and Schweber [1] assumed that such set of operators ¢, existed and was connected with the

initial set of operators & via the unitary transformation which kept S-operator intact. The total Hamiltonian
and the boost operators in terms of clothed particles can be written as

H(a) =W (o JH (o W (e, ) = K (e, ) = K. (e ) + K, (e ), )

c

N(a)=W (e )N (a W' (a,)=B(e,)=B: (a,)+B, (a,], (5)

c
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W =W (a)=W(a,)=expR(a,), (6)
o, =W'aW , WW' =W'W =1, )
a=W(a)aW'(a). )

Shebeko and Shirokov have shown [2] that the generator R of the unitary clothing transformation W can
be chosen in such a way that the clothed vacuum and all the one-clothed-particle states are simultaneously
the eigenstates of K(o,), B(«,) and their free parts up to the second order in the coupling constant.

2. Clothed particles in quantum field theory

The notion of clothed particles will be considered using the field model in which a spinor fermion
(nucleon) field interacts with a neutral meson (pion) field by means of Yukawa-type three linear interaction
with pseudoscalar (PS) coupling. The initial Hamiltonian has the form

H=H(a)=Hq(a)+H,(a), ©

where H («) is the free part
H. = J.dka)ka+ (k)a(k)+ jdpEpZ[bT (p.r)b(p.r)+d" (p,r)d(p, r)} , (10)
and H, () is the interaction one

HI (0!) =V(0!)+ M (OC)+ Mren,ferm (a)+vren (a) . (11)

ren,mes

In these formulae E =.p’+m’ and @ =k’+x°, M and x are the nucleon and meson physical
masses; p and k are the nucleon and meson momenta; r is the spin projection index. The creation

(destruction) operators of mesons a'(k)(a(k)) and the same for fermions b'(p,r)(b(p,r)) and

antifermions d’ (p, r)(d (p, r)) satisfy the commutation relations

[a(k).a" (k') [=5(k=k').{b(p.r).b" (p".r")} ={d (p.r).d" (p".v")} =5, .5 (p—p) . (12)

The interaction operator V (&) has the following form

V(a) = [dky*a(k) + H.c., (13)
Vk=jdp'dpzz R (p.r' V. (p.r'p.r)F (p.r) . (14)
r,r'i,j
V& (p.r'p.r) = igm D Sp+k—p)Ti(p.r)rU, (p.r). (15)
’ (27)" J200E, E, j

Here we have introduced the following notations

U, (p.r) U(p,r)] [Fl(p,r)J ( b(p.r) j
U(p.r)=|, ' = , F(p.r)= =| , (16)
(p) [uz(p,r)j ) e[
where u(p,r) and v(p,r) are the spinors which satisfy the usual Dirac equations with physical masses and
g is the physical coupling constant.

515



The usual meson and fermion mass counterterms M (o) and M

ren,mes

renferm (&) can be presented as

M (@) = 202 [ (0 a0k + akya(K) + H ) (a7)
’ 4 ,
M ren,ferm(a) = m(mo - m)jcé_pzz I:iT (p’r’) |\/Ii,j (p’r’;p’ r)Fj (P,r) s (18)
p NI ij

with M ;(p,r’;p,r)=U, (p,r')U;(p,r), and m; and s, denoting the nucleon and meson bare masses.
The vertex counterterm V(&) is determined by the same formulae (13) - (15) as for V (a) but with g

substituted by 69 =g, —g where g, refers to the bare coupling constant.

Bearing in mind that H is a polinomial in & and using Eq. (8), one can replace the bare operators by the
clothed ones

H = (@)= H(W (e, )W (e | =W e, JH [, W (e, =

c

:K(ac):HF(aC)+V(aC)+M (a.)+M (ac)+Vren(aC)+[R,HF]+[R,H,]+

ren,mes ren, ferm

+%[R,[R,HF]]+%[R,[R,H|]:|+... (19)

The operator K(ac) represents the same Hamiltonian as H(«) but with another dependence on its
argument.

Eq. (19) contains some undesirable terms of the g' and higher orders, called “bad” after [2], that prevent
the no-clothed-particle state and one-clothed-particle states to be the eigenstates of the total Hamiltonian.

Let us eliminate from K (ac) the bad terms of the g'-order comprising the operator V . For this purpose
we choose such R that

V +[R,H,]=0. (20)

Then Eq. (19) can be rewritten as
K(a,)=Hg (0 )+ My, (0t )+ Vegy (ac)+%[R,V]+[R, Mren]+%[R,[R,VH +... (21)

In the model under consideration, the solution of Eq. (20) has the form [2]

R =[dkR¥a,(k)-H.c.,

Ry = [dp'dp Y 3 F (p'.r)RY (prp.T ) (pr) (22)

r,r'oij

Here the operator column F,(p,r) is composed of the clothed operators b, (p,r) and d.' (—p.r). The

explicit expression for the c-number matrix R* ; can be presented as

Ril,(j (p'a r';pa r) =Vif(j (p,, r,;pa r)/[(_l)iilEp' _(_1)j71Ep - a)kjla (|> J = 1,2) . (23)

Having defined the operator R, we have removed from K(e,) all the bad terms of the g'- order.
Howerer, r.h.s. of Eq. (21) contains bad terms of the g and higher orders. Therefore, we need to remove

bad terms from K () order by order.
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3. Mass renormalization

The operator K (c,) contains terms M (e, ) and [R,V] which are of the g*-order. The commutator

ren

[R,V] can be given as
[RV]=[dk,dk, [IQ"‘ AV ]ac(kl)ac (k,)
+[ dk,dk, [Fikl AV ]aj (k,)a, (k,) +[dkR* V¥ +H.c. 24)

After normal ordering, it involves terms bilinear in the meson and fermion operators that can be cancelled
by the respective counterparts from the operator M, (¢, ) =M s (@) + M g1 o () -

In the case of the meson mass shift of the §°-order the corresponding correction [2]

29° J'dp '
S = gt — i = Wy, # 25
Wt E | (25)

is independent of the meson momentum k. Here we have introduced the 4-vectors p= ( E, ,p) and
k= (a)k,k) . The same result can be obtained using the well-known Dyson-Feynman method.
In a similar way we can calculate the nucleon mass shift of the g°-order [3]:

2

—mo_m=_—9
Sm=m,—m 4m(27[)3[I1(|0)+I2(|0)],

dk 1 1
I == pk _
l(p) a)k p {qu—2pk ‘[,lz—f-zpk}’

dq m’ — pq m’® + pq
| = |2 . 26
»(P) qu {Z[mz—p(ﬂ—yz+2[m2+pq]—ﬂ2} (26)

Here we have adopted the four-vector notation =(Eq,q). In Eq. (26) all quantities, being expressed

through the explicitly covariant integrals, are independent of the particle momenta and coincide with these
ones obtained in Dyson-Feynman method.

4. Vertex renormalization

The operator Vren(ac)+[R,Mren]+%[R,[R,V ]] contains terms of the ¢’-order, which replicate the

operator structure of the interaction operator V and, thus, start the program of vertex renormalization. The

commutator [R, M ] has the form

ren

[ R’ M ren ] = [R’ M ren,mes :I + [R’ M ren, ferm ] > (2’7)

> V¥ ren,mes

[RM s | = : fa)k(R +R ™ a (k) +H.c., (28)
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[R.M =mém j dk

ren, ferm

yU(p.r)¢F.(p.r)a (k) +Hec. (29)

Here p_ = (Ep,—p) , P=p"y, and y" is the conventional Dirac matrices.

The commutator I:R,[R,V ]] can be written as

[R[RV]]=[dk,dk,dk, {A (K, k,,k;)a' (k,)a’ (k,)a(ks) +

+A2(k1’k2’k3)aT (k2 )a(kl)a(k3) + A3 (kl’kZ’k3)a(k2)a(kl )a(k3) +

+A, (k.. k,)ak, )5k, —k,)}+H.c.,
Ak ks k) = B[R] Ak k) =] RE[RE S T+ [R5 |

Ak, k) = RE[ RV

Ak k) =[RURN S+ 2R R+ RE[REVN] +
Afte (30)

w2 R R RE RS [RUV R

After normal ordering of fermionic operators in Eq. (30), several part of the commutator [R,[R,VH is

cancelled with the corresponding part of the commutator [R, M ], providing the meson and nucleon wave

ren

function renormalization in the lowest order in g . At the same time, another part of the commutator

[R,[R,V U is cancelled with the respective part of V., , determining the charge shift in the g’ -order

ren >

09 = o0g(Feynman — like) + 59 (off —energy —shell) , (31)

3 ' ot
0g(Feynman — like) = 9 Z{Id_q pq. m +pp pq
m

(2z) -2p'q  4*-2pq
d m’ —p’ m’+p'q-pk [d m’ + p’ m’ —p'q-pk
[ dd " -pa  mipa-pk, fdg _ m+pq m-pg-pk) (32)
E, 2[m’+pq]|-x* 4’ —2kq E,2[m’+pq]-4 4 +2kq

where E, = Jq©+m? @, = qQ +i75 p'=(E,.p), 9 =(®,,q) . The momentum conservation law for the
given vertex has the form p+k=p’, where p, k and p’ are the nucleon and meson momenta before the
interaction and the nucleon momentum after the interaction respectively.
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In common practice, the charge shift is usually determined by subtracting two certain quantities
calculated for some physical process, one of which having one of its vertices renormalized to some order in
g . In the case of the covariant (on-energy-shell) Dyson-Feynman approach, these quantities are the

scattering amplitudes. Being on the energy shell by the origin, their difference is always the on-energy-shell
quantity, providing the respective charge shift only on the energy shell. To the contrary, in the unitary
clothing transformation approach promoted here, the quantities under consideration are the respective
interaction parts of the total Hamiltonian operator. Those operators of the physical interactions are always off
the energy shell, yielding the correspondent charge shift being the off-energy-shell quantity. We have

calculated the difference between the respective operators for the 7N — 7N interaction in the g and g*

orders and found the expression for the g’ charge shift coinciding with the formulae (31) and (32).

However, if from the very beginning the operators under consideration are projected on the energy shell the
obtained expression for the charge shift coincides with the formula (32). That is why we divide the
expression for 0g (31) obtained via the cancellation of the vertex counterterm into the Feynman-like part

(32) which is momentum independent and the off-energy-shell part which goes to zero on the energy shell.
Note that Eq. (32) gives another representation for the well-khown respective Dyson- Feynman covariant
integral.

4. Conclusion

We have shown how the mass and vertex renormalization is performed in the model of three-linear
Yukawa-type PS interaction between the nucleon and neutral pion fields with help of the clothed particle
representation in which the total Hamiltonian and the other generators of the Poincaré group acquire one and
the same sparse structure in the Fock space of particle states. The respective mass and vertex counterterms
are cancelled, at least partly, due to normal ordering of the clothed creation (destruction) operators involved

in the commutators [R,\V] and [R,[R,V ]] respectively. Being expressed through Lorentz-covariant

quantities, the respective corrections are momentum independent and coincide with those ones obtained
within Dyson-Feynman method. At the same time, our detailed investigation shows that the unitary clothing
transformation method eliminates bad terms simultaneously from both the total Hamiltonian and the boost
generators, and, along with that, the corresponding commutation relations of the Poincaré algebra are
fulfilled in the corresponding orders in the coupling constant.
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ME3O0H-IBYXHYKJIOHHBIE OJETBIE T'EHEPATOPBI T'PYIIIBI IYAHKAPE B KBAHTOBOM
TEOPUH ITIOJIA: HEPEHOPMHWPOBKA MACCHI U 3APSIJIA

B. 10. Kopaa, II. A. ®poJioB

MeToIoM YHHTapHBIX OICBAIONINX IPEOOPA30BAHUN PEAM30BAHO IMPEICTABICHUE ~OJCTHIX YACTHIl, B KOTOPOM
TeHepaTophl Tpymisl [lyaHkape MPUOOPETAIOT OJHY H TY K€ Pa3peKCHHYIO CTPYKTYPY B (DOKOBCKOM IPOCTPaHCTBE
COCTOSIHMM 4acTul. B Monenu B3auMMOAECHCTBYIOIIMX MOCPEACTBOM TPHUJIMHEHMHON IICEBAOCKAISPHOM CBSI3M THUIA
FOxaBBI HYKJIOHHOTO U HEUTPATHHOTO ITHOHHOTO TTOJICH pacCUNTAHBI MOIPAaBKU K MaccaM YacTHII U 3apsly BO BTOPOM H
TPETbEeM TMOpAAKAX IO KOHCTAHTE B3aMMOJCHCTBHA COOTBETCTBEHHO. [IOKa3aHO, 4YTO TMOJYYCHHBIC IOMPABKH
BBIPA)KAIOTCS Yepe3 KOBapHaHTHBIC BEJTMYUHBI, HE 3aBHCAT OT HMITYJIECOB COOTBETCTBYIOIINX YaCTHUI[ M BOCIIPOU3BOJISAT
pe3yNbTaThl, 0JIy4eHHbIe MeToioM Jlalicona - deliHMaHa.
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ME3O0H-IBOHYKJIOHHI OJSATHEHI TEHEPATOPH T'PYIIU ITYAHKAPE Y KBAHTOBII
TEOPIi IOJISA: MTEPEHOPMYBAHHSI MACH TA 3APSAY

B. IO. Kopaa, II. O. ®posos

MeToioM YHITapHUX OJMTAI0YMX MEPETBOPCHb PEai30BaHO INPEJCTABICHHS ~OMSTHEHUX YACTHHOK, V SKOMY
rereparopu rpymu [lyaHkape HaOyBalOTh OJHY U Ty JK caMy PO3piLKEHY CTPYKTYPY Y (OKIBCBKOMY MPOCTOPi CTaHIB
YaCTHHOK. Y MOJETi B3aEMOJIIOYMX 3a JOIMOMOTOK TPHJIIHIHHOTO TICEBIOCKANSPHOTO 3B’sA3Ky THiy HOkaBu
HYKIIOHHOTO ¥ HEWTPaJhbHOTO IMIOHHOTO TIOJNIB PO3PaXxOBaHO 3CYBH Mac YacTHHOK 1 3apsay B IPYroMy H TpeTbOMY
MOpSiIKaxX 3a KOHCTAaHTOK B3aeMomii BiamoBimHo. JloBemeHO, IO po3paxoBaHi MOMPAaBKH MICTSITH KOBapiaHTHI
BEIMYMHM, HE 3aJeKaTh BiJ IMITyJbCIB BIAMOBIIHUX YAaCTHHOK 1 BINTBOPIOIOTH PE3YIbTATH, 3HAWICHI 32 METOIOM
Jaiicona - deliHMaHa.
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