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APPLICATION OF THE UNITARY CLOTHING TRANSFORMATION METHOD
TO THE CHARGE RENORMALIZATION PROBLEM
IN QUANTUM FIELD THEORY
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In the toy model of interacting scalar mesons and charged spinless nucleons the renormalization problem in the
lowest orders in the coupling constant ¢ is investigated as a byproduct of the so-called “clothing” procedure in the

quantum field theory, put forward by Greenberg and Schweber. The expression for the charge shift in the g3 order is

derived. It naturally contains the off-energy-shell structures and, if projected on the energy shell, can be brought to the
explicitly covariant form, providing the momentum independence and another representation for the respective Dyson -
Feynman result.

1. Introduction

The consideration of the hadronic systems as the few-body systems faces several fundamental problems
which are still relevant and need thorough theoretical exploration on one and the same physical background.
Usually, the primary interaction vertex contains particles which can not stay simultaneously on their mass
shells. This makes energies of the intermediate states for a given process be absolutely arbitrary and the
relativistic effects provide essential contributions to the observable results. The requirement of the relativistic
invariance of the theory becomes of the bare necessity for the hadronic systems already at low energies,
including the nuclear bound states. Besides, the interaction in the primary form generates the persistent
effects after Van Hove [1, 2], which cause the so-called self-interactions and essentially complicates the
usual treatment of interaction processes between particles.

It appears that we can divide the same Hamiltonian into a new free part and a new interaction term in a
manner which avoids certain of the mentioned difficulties. The desired properties of the Hamiltonian
operator can be achieved via the unitary clothing transformation method providing the new representation of
the Hamiltonian through the “clothed” one-particle operators, which generate the eigenstates of the both free
and total Hamiltonians [3].

In the clothed particle representation (CPR), all of the Poincaré group generators are brought to the sparse
structure and the commutation relations of the Lie algebra are kept unchanged. Being obtained on one and
the same physical footing, the operators of physical interactions between physical particles are Hermitian,
energy independent and contain the off-energy-shell structures in a natural way. While implementing the
“clothing” procedure, the so-called “bad” terms in the Hamiltonian, starting from the primary interaction
operator, which prevent the one particle states to be the eigenstates of the total Hamiltonian, can be
eliminated order by order in the coupling constant.

In the field theoretical model of interacting scalar mesons and charged spinless nucleons we derive the
expression for the charge shift in the first non-vanishing (third) order in coupling constant as the byproduct
of the clothing procedure. It is important to note, that since the off-energy-shell structures are contained in
the obtained expression, the latter can be divided into two parts, i.e., the “off-energy-shell” part which goes
to zero on the energy shell and the “Feynman-like” part which, being projected on the energy shell, gives an
explicitly covariant result coinciding with the correspondent Dyson - Feynman result.

2. The field theoretical model

We start from the representation of “bare” particles with physical masses [4] in the field theoretical
model of scalar mesons and charged spinless nucleons coupled via the three-linear Yukawa-type interaction.
The total Hamiltonian can be presented in the following form:

H=H:+H,=H. +V+M_ +V,, . (D)

where HE is the free part of Hamiltonian, which has the form

H, =jd3qEqi=Z|:1 FIF+ [dkaafa,, )
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and V is the primary interaction operator

3 33
V= (273)3/2 (:Ep(;:s)bz (p q+k)ZF'TF’ak*+H.c.. 3)
p—q

The mass counterterm M, is divided into two parts

M. =M +M

ren ren,mes ren,nucl ° (4)

. : 2 2 2 1
where the mesonic mass shift ou” = 1, — ¢~ enters the correspondent mesonic mass counterterm

M _ﬁjﬂ

ren, mes

(a'a +a'a,’)+Hc., (5)

while the nucleonic counterterm depends on the nucleonic mass shift Sm* =m; —m?*:

5m it
M F rFqJ . (6)

ren,nucl —
q i,J= 11

The vertex counterterm V

ren >

containing the charge shift 69 =g, — g, is given by the formula

5(P-0+K) ¢ o
F'Fia +H.c. 7
R Ry R e ”

Vien == ( 3/2j.d3p qdk

In Egs. (2) - (7) the following notations are adopted: @, =4z’ +k* is the energy of physical meson,
2, 22 - . . . .
E,=ym +0" is the energy of physical nucleon; x, m and g are the physical masses and the coupling
constant respectively, while m;, x4 and ¢, are their respective bare partners. The operators FqiT ( Fqi) unify
the nucleonic b; (b, ) and antinucleonic d; (d, ) creation (destruction) operators in the following way:
: b i=1, _ [ b i=l
it _ q ] i q ]
R ‘{ d, i=-1 Fq‘{ d* i=-1, (®)
q > q
with the commutation relations
[F-R]=i66(p-a), ©)

which follow from the conventional commutation relations for the bosonic operators b;(bq) and d; (dy):
[bp,qu:I =6(p—q) and [dp,qu:l =06(p—q). The same relation is valid for the mesonic creation (destruction)
operators & (a,)

a8 |=5(k-K). (10)
3. Unitary clothing transformation formalism

By definition, the state of “bare” vacuum € and the one-bare-particle states a,'Q, , b,'Q, and d,'Q, are
the eigenstates of the free Hamiltonian H_. However, they are not the eigenstates of the total Hamiltonian
H because the latter contains the terms, called “bad”, of the form, e.g., a'a", b'd", b'd'a, etc. and their
adjoint counterparts, which enter the operators V, M., and V,,,

To ameliorate the problem, we shall try to eliminate these terms from the Hamiltonian by making the
transition to the CPR which can be provided by means of the unitary clothing transformation applied to the
whole set of particle operators

ren?
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a, =W'aW , WW' =W'W =1, (11)

where o, and « denote the sets of the clothed (physical) particle operators and the bare (primary) particle

operators with physical masses respectively.
In terms of new (clothed) particle operators the total Hamiltonian reaches the form

H=H (05) —H (W%(Olc)acw (ac)) =W (ac) H (aC)WT(aC) =

= H (e, )+ H, (ac)+[R,HF]+[R,H,]+%[R,[R,HF]]+%[R,[R,HI]]+,,,, (12)
or
H=H+V+M_ +V, +
+[R,HF]+[R,V]+[R,Mren]+[R,Vren]+%[R,[R,HF]]+%[R,[R,V]]+,,, (13)
where
W =W () =W (o) =exp(R(e,)), R(a,)=-R'(«,). (14)

The requirement put over the generator R is the elimination of bad terms from the Hamiltonian (13). In
the wide class of quantum field models the interaction operator is the g'- order bad term found in the

Hamiltonian. Therefore, we look for the generator of the unitary transformation in the form which satisfies
the equation

V +[R,H.]=0. (15)

The generator R determined from Eq. (15) has the same operator structure as the interaction operator V
does. In the CPR, one gets (for brevity, further we drop the subscript ¢ for all the clothed operators):

3 A A3mA3 o
g d’pd-qd’k 5(p_q+R)Z(DI,—J

1/2 p.ak

= F'Fla’)-Hc.
(27[)3/2 (SEqu(q() z P qak) C., (16)

where we adopt the denotation: D" J = S T—
ek IE, - JE, + @,

Taking into account equation (15), the Hamiltonian (13) can be written in the following form:
H=H_.+M,_ +%[R,V]+Vren +[R,Mren]+%[R,[R,V]]+.... (17)

We emphasize that now the total Hamiltonian (17) does not contain bad terms of the g'-order. To

proceed with the clothing procedure to the second order in the coupling constant one should collect and
remove all of the respective bad terms from Eq. (17). In particular, it allows us to obtain the interaction

operators for the nucleon-nucleon and meson-nucleon scattering processes in the g”-order. Further, the
removal of the g’ bad terms gives the interaction operators for the meson production and absorption on the

pair of nucleons in the g’ -order. Simultaneously, as a byproduct, we obtain the expression for the mass and
charge shifts in their first non-vanishing orders in ¢ .

4. Mass renormalization

The operators M, ., and M containing the nucleonic and mesonic mass shifts consist of the

ren,mes

operators the structure of which are inherent in some operators appearing in the g”-order commutator
[R,V ] . Really, using Eqs. (3) and (16) we get
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gZ d3pd3qd3kd3prd3qld3k!
3 1/2
(27) " 8(E,EEEyac)

[RV]=- 5(p'—a'+K)5(p-g+K) x

X. Z_!{jé‘ji'é‘(q_ p') F;;TFq”a;ak (Dlp qu D;) qlk) j5jj’5(q_ql)(FlTFlakak quk ITF a a D;Iqjk)
i,

-5(K-K')F) 'R R R/ Dy +He.. (18)

p,a.k

After normal ordering in (18) we are able to separate the two-meson and two-nucleon operator parts from
[R.V]

[R,V]::[R,V]:+[R,V]2mes +[R,V]2r1uc| , (19)
with
d’qd’k
[ 2mes '[SquEq@ aka +akak)(Dq1k(:k Délqu)+H.C., (20)
d’qd’k -
[RV]., = = jE% R (D s+ Do)+ HE- 1)
q-Kq

Comparing expressions (5) and (20) in the Hamiltonian, we derive the mesonic mass shift in the second
order in the coupling constant

2 d3 ~
ﬂg—ﬂzz__(zifjélEqEC:_ Dilkqk— Dqlkclqk) (22)

This expression can be interpreted through the mesonic self-energy diagrams (Fig. 1) where the directions
of arrows differ particles from antiparticles. These diagrams correspond to the non-covariant propagators in
Eq. (22). Namely, the first propagator in Eq. (22) corresponds to the diagram b, while the second propagator
corresponds to the diagram a.

Fig. 1. Fig. 2.

Expression (22) can be brought to the explicitly covariant form by means of addition and subtraction of
one and the same term, namely
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2 3
> 2__ g d’q y
Fo ™ H (2”)3 I 4EE,,
1 1 1 1
X + — — . 23
KEQ—kJFEq’La‘L Eq—k_Eq_@j [Eq—k_Eq_wk Eq—k+Eq_a4<H 29

Finally, unifying two first and two second terms in Eq. (23), the mesonic mass shift in the g*-order
acquires the form (cf., [5]):

2 3 2
5 2 — g d q /’l , 24
where q=(Eq,q) and k:(cq(,IZ).

This expression provides the explicit momentum independence of the mesonic mass shift in the g* -order

and gives another representation of the respective Feynman 4-dimentional covariant integral.
The nucleonic mass shift can be derived in the similar way

2

m—m’=—

9° ¢ dk - ,
(272.)3 J‘qu_kQ( (Df:*klaqak + Dfllik»%k) : (25)

Here the first non-covariant propagator corresponds to the diagram b on Fig. 2 and the second propagator
corresponds to the diagram a there. Adding and subtracting one and same term

gzjd

3
2 _mE= k y
T oy 2E e,

1 1 1 1
X + + |- + , 26
[(Eq—k"'Eq"'% _Eq—k_Eq"-qJ [ B —Eita Eq—k_Eq"-@ﬂ 2
we bring the expression (25) to the evidently covariant form (cf., [6])
om’ = g’ J‘ﬂ 1 _,_jﬂ I S 27)
zy\! @ -2 +2q9k I B gt -2m’ +2qk

Expression (27) is just another representation of the respective Feynman covariant result.
5. Charge renormalization

The operator V., containing the charge shift and the operator [R,M,,] containing the mass shifts

(starting from the g*-order) both consist of the operators the structure of which replicates the structure of

some operators appearing in the g’-order commutator [R,[R,V]]. Really, using Egs. (5), (6) and (16), we
find

[R.M

> Vlren, mes

X

9w —u?) dqd*pd’k 5(P-q+K)
] 2(2;:)”ZI (zzEEa;)”2

q—p 7k

XZL{D;;;}k +Dyy JFFal + He, (28)

p.a.k
ii O

525



R }:g(mj—m2)jd3qd3pd3k§(ﬁ—q+ﬁ)x

> ren, nucl 4(2”)3/2 (8Equa)k )1/2

-y 1 i—i’ 1 i i i
x> {—E— Dy +E—DF‘,,’q,g}Fp*Fq‘aI +Hec.
q

LI p

(29)

At the same time, after some algebra and normal ordering, we are able to separate the two-nucleon-one-

meson operator parts from [R,[R,V]]

[R’[R’V ]:|2nucl,lmes = [R’[R’V ]:|WFren,mes + [R’[R’V ]]WFren,nucl + [ R’[R’V ]]Vren ?

where the meson and nucleon wave function renormalization terms have the form

d’qd’q'd’pd’k 5(p-q+K)

3 3
I:R’[R’V ]:IWFren,mes - : .[

9/2
(27)
_pi-i p-i-l j-i gl _
XZ{ Dy oxDp-g.a-ax * Pa/ok Py-ga-ax
i

p-a'.4-q"k p-0q’,0-q"k ~p,a.k

s dqd’k'd’ pd’k 5(p-G+k)

39
R,|IR,V =—
|: [ ]:|WFren,nucI (272_)9/2 ,[ (SEqua)k )1/2 X

= | H 1
x> JFFla

- Di,—j' (_Dl,—l _ Dl,l )+
p.a.k 0.k’
LiJ 8Eq—k’Eqwk’

q-k q,q-k".k"
; DIl (Dl,l L D! ) +Hc
8E E @ p.q.k p,p—k'.k’ p—k',p,k" ey

p-k' —p~k’
and the vertex renormalization contribution is written as

s d’ad’kd’pd’k 5(p-g+k)

= — 9 X
[R,[R,VHWE” (2”)9/2 J. 1/

2
(S12E.E,m,)  E, Ey o

it iat i1 —1,-1 i1 1,1
x> Fi'Fla {—D D «+2D D ik —
ij

q,q-k".k" = p-k’,q-k’ q,9-k".k’

_Dfl,l Di,l + Dfl,fi Dl,l

p—k'.q-k’,k “q,q-k" k' g-K’.a.k" ~p-k'.g-k'k
1—i “1,-1 1,-1 1,-i
—2Dq ¢ qxDpig e T Dy g Paeqn —
-l 1 - Ll _
D Dp_k,,q_k,,k +2D Dp_k,,q_k,,k

p—k’,p.k p—k’,p.k’
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(SEq Epa)k )1/2 (SEP—Q'Eq—q’a)k )

(30)

(1)

(32)



1, 1, j.-1 L1
Dpqukapk+D Dpquk

p,p—k'.k"

2D

1 1,1
ook Dp quk+DpqukDppkk+

Dll

p.p—k'.k' “q,q-k' k"

+2D DY)

q-k',q.k" = p-k',p,

o +2DM

_Dj -1 Dll D .1 DI -1

p,p—k'.k" ~q,q-k" k" p,p-k'.k' “q,q-k" k"

_Dfl,fri ’Dl,fj’ o Dl,fi Dfl

q-k’.q.k" = p-k’,p.k q-k'.q.k" = p-k’.p.k’

f+Hc.

(33)

Bearing in mind that the operators in the formula (30) are of the g°-order while the operators in the

formulae (28) and (29) start from the g -order, we find the following correlations:

|:R’ M ren,mes:| + %[R’[R’V ]]\NFren,mes =0 >

[R’ M ren, ”Ud] + %[R’[R’V ]lNFren,nucI =0,

valid in the g*-order.
Further, it is convenient to rewrite the expression (33) in the form

[RIRV]],,, =]d*qd’kd" pd*k ZG' s Py Flal +He..

It can be immediately verified that under the integration in Eq. (36)

Gll _Gl —1

P.a.k.k’ p.g.k.k" *

Taking into account the equality (36) and comparing the operators V., and [R,[R,V]]Vren

Hamiltonian, we find the following expression for the charge shift in the g’ -order:

93 dSkr
69 = 9/2J‘
24( ) E, «E
X{Dq K gk’ DI e -k’ k +2Dq K g,k DL 11 ok D:)':li',q-k',kDL’:ll',p,k' -

1,-1 -1,- 1,-1 1,-1 1,-1 -1,-1
D! oDy ek = D e D = Dl D e

q-k',q.k’ q-k'.q.k" = p-k’.p.k’ p—k’.p.k’

1,1 1,1 1,1 11 1,1 1,1
—Dq,H,k D gk +2Dq,q7k,’k,Dp’p7k,’k, + Dp’pfk,k D I

-1,-1 1,1 1,-1 1,- 1,-1 1,1
+Dy % ax Pk gk — Pyieqw Py o ok T2D 5 oDy gk —
1,-1 1,-1 1,-1 1,1 1,1 1,
_qukkDpquk qukkDppkk 2Dppkkaqkk-'-
1,1 1,1 1,1 1,—- 1,-1 1,1
+2qu k' kDp—k',q—k'k qu k' kD p,p-k',k" +Dpp k' kDp—k',q—k',k}'
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(35)

(36)

(37

in the

(38)



In Eq. (38) each of the eighteen products of the non-covariant propagators corresponds to the one of the
six graphs shown in Fig. 3 (as before, arrows differ particles from antiparticles). For instance, first three
terms in (38) are displayed by the graph a, second three terms are illustrated by the graph b, etc.

a d

!

Fig. 3.

It is important that the formula (38) permits the following division:
59 = 5gFeynman—Iike + 5goff —energy—shell » (3 9)

where the “Feynman-like” part is on the energy shell while the “off-energy-shell” part disappears on the
energy shell. The Feynman-like correction is determined by the formula, where we assume the transparent
1

iE, + jE, + jo +o

; Lhi
notation D¢\ =

¢ (4K 5(p-g+K)
5gFeynman—Iike = 9/2 _[ E E %
8(27) pk -k D

AP0t + L) Out DL )

q-k,a.k a,p".9-p" q.p".q-p"
L1 Pl ~LL1 1-1,-1
+( Dqs p".q-p" Dq, p".q-p" )( Dq—k,p",q—p”,k + Dq—k,p",q—p”,k ) +

+(D1’1 _p! )( Dl _ Dl )} ’ (40)

a-k.a.k q-k.a.k q-k.p",q-p".k q-k,p".q-p".k
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which can be brought to the explicitly covariant form

_l g3 d3 pr 1
§g|:eynman—like - 2 (27[)3 I Ep' (luz —2p'k)(,u2 _om? _2p/p)

_ d’k’ 1 dSpr 1
j“’k' (2" +2Kp) (s +2k7) g Ey (w7 +2p%k)(" —2m* +2p7q) | e

providing the momentum independence and another representation of the corresponding Dyson-Feynman
result. Here p= (Ep, p) , p'= (Ep,, p') , k'= (cq(,,l?) )

Evidently, the actual value for the charge shift must be calculated with help of Eq. (41). This means that
the respective g’ part of the operator [R,[R,V ]:IVren which involves the off-energy shell contribution in the

formula (39) must enter the list of the g’ -order bad terms and be removed by the forthcoming clothing
unitary transformation.

6. Conclusion

It is important to emphasize that, as we have shown the problem of mass and charge renormalization in
the clothed particle representation in the quantum field theory is solved automatically as a byproduct of the
application of the unitary clothing transformation procedure. Being utilized order by order in the coupling
constant, the latter cleans out the total Hamiltonian from the operators which prevent the one-particle-states
to be its eigenstates, reaching the very goal of Greenberg and Schweber. If the procedure is believed to be
successfully accomplished in all orders then the total Hamiltonian shall contain only the operators of
physical interactions between physical (observed) particles, that can be used for solving the respective
relativistic dynamical equations.
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NPUMEHEHHUE METOJA YHUTAPHbBIX OJAEBAIOIIUNX HPEOBPASOBAHHFI
K IIPOBJIEME INEPEHOPMHWPOBKH 3APSAJIA B KBAHTOBOU TEOPHUH I10JI51

B. 10. Kopna, U. B. Enenkux

Ha npumepe npoctoit Mozienn B3anMOIECHCTBYIONIINX CKAISPHBIX ME30HOB M 3apsDKCHHBIX OECCIIMHOBBIX HYKJIOHOB
npobiieMa TEpEeHOPMHUPOBOK B TEPBBIX MNOPSAKaxX MO KOHCTAHTE B3aWMOAEHCTBUS HCCIIEOBaHA C IIOMOILBIO
npeanoxxeHHoi I'punbeprom n IlIBeGepom Tak Ha3pIBaeMOH HpoLeaypbl “OneBaHWS” B KBAaHTOBOM TEOPUH MOJIS.
PaccunranHas mompaBKa TPETHEro MOpPsIKAa K BEIMYHMHE 3apsiia CONEPXKUT B €CTECTBEHHOH (opme CTPYKTypHl BHE
9HEPreTHYecKod OO0O0JIOYKM M TNPHBOAUTCA K KOBApHAaHTHOMY BHJIY Ha SHEPreTHYECKOH 000i0ouke, obecneunBas
HE3aBHCHMOCTb CIBHIA 3apsia OT MMITyJIbCOB YACTHIl M Tpeylaras Apyroe MpeACTaBICHUE IJIsi COOTBETCTBYIOLIETO
pe3ynbTara, NoIy4eHHOro MeronoM Jalicona - deliHMana.
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3ACTOCYBAHHSA METOAY YHITAPHUX OJATAIOYUX INEPETBOPEHb
JIO MPOBJIEMM IEPEHOPMYBAHHSA 3APANY ¥V KBAHTOBI TEOPII IOJIA

B. 0. Kopaa, 1. B. €xenpkux

Ha mpukiani mpoctoi Mozaeni B3a€MOAIIOUYHMX CKAUIIPHUX ME3OHIB 1 3aps/DKEHUX OE3CHIHOBHX HYKJIOHIB IpobieMa
NIEpEeHOPMYBAHHSI B IIEPLIMX IOpsIKaX 3a KOHCTAHTOIO B3a€MOIl JOCIHI/KEHAa 3a JIONMOMOTOIO 3alpONOHOBAHOI
I'pinGeprom i IlIBeOepoM Tak 3BaHOI NpoueAypu “omsraHHs” y KBaHTOBiM Teopii mons. Po3paxoBana mompaBka
TPETHOTO TIOPSAKY 10 BETUYMHH 3apsay MIiCTHUTh Y MPHUPOAHIA (GOpMi CTPYKTYpH 1032 SHEPTETHYHOI OOOIOHKOI i
MIPUBOAUTECS O KOBapiaHTHOTO BHUTIIALY Ha €HEPreTHYHIA OOOJOHIN, 3a0€3Meuyroun He3aJeKHICTh 3CYBY 3apsay Bil
IMIYJIbCIB YaCTHHOK 1 TIPOTIOHYIOUW 1HINE TPEACTABICHHS UIS BIOMOBIAHOTO pPE3yJbTaTy, 3HAWOCHOTO METOIOM
Jlaiicona - deliHMaHa.
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