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The particle tunneling and scattering through a three-dimensional rectangular barrier, containing a rectangular
potential well inside, had been studied. The multiple internal reflections inside the well had been explicitly taken into
account. The explicit analytical expressions between the S-matrix of elastic scattering and all probability amplitudes
(external and internal reflections, tunneling inside and tunneling outside) had been obtained. All correspondent phase
times had been studied. The perspectives of generalizing for the cases of the Coulombian barriers and nonrectangular
potential wells are discussed.

1. Introduction

The time-dependent aspects in the process of the quantum tunneling of particles through 1-dimensional
barriers were the object of several papers, reported, for instance, in [1] and [2] (and in all references quoted
therein). On the other hand, the three-dimensional approach to this same problem is present in the literature
with a less complete analysis. In fact, particle tunneling through a three dimensional barrier has been studied
in a simplified way in the framework of the WKB approximation (see, for example [3 - 6]), or using only
some elements of the time-dependent description in applications for some concrete tasks such as a-decay. In
this paper, we intend to study non-relativistic particle tunneling through a three-dimensional potential barrier
with a spherical symmetry.

Initially (Sec. 2) we present usual general wave-packet and stationary description of particle elastic
scattering in a spherically symmetric potential (a rectangular well surrounded by a rectangular barrier).

Then we will consider, in the central part of the system (Sec. 3), the impact of the particles with this
potential as a sequence of two successive processes: in the first stage we think to an ingoing spherical (/ = 0)
wave packet impinging from outside on the barrier, producing a reflected wave in the external region,
tunneling through the barrier, and finally penetrating in the well where it is represented by an ingoing mode.
In the second phase, we will consider the connection of the tunneling and reflections amplitudes with the
S-matrix and the presence of an outgoing spherical wave from the well, which, after multiple reflections
against the internal side of the barrier, tunnels through the barrier and produces, finally, an outgoing mode in
the external region.

Finally (Sec. 4), the further perspectives and conclusions will be presented.

2. General wave-packet and stationary description

We shall refer to the various regions in this way: region (I) with » > R, represents the external region of
null potential, (IT) delimited by R, and R, is the barrier region and the internal region (III) with » < R, is the
well (a section of the potential along the r-axis is shown in Fig. 1).

The particle time-dependent wave packet will be described by expression

w(k, f,t)=j dk'a(k'—k) w(k',7)exp (<Et/h) (1)

with the stationary wave function
w(k,7)=Y, @Dk r) P(cose) 2)

i

(k and E = h*k*/2m are the wave number and the kinetic energy, respectively, / = 0, 1, 2, ... is the orbital
quantum number, & is the angle between the directions of momentum-vector k and radius-vector 7, |l€’ =] k |,
2( k' —k ) is a normalized amplitude weight factor), corresponding to the initial stationary plane wave

exp (ikrcos€) = . (21+1)ilj; (kr) Pi(cos0), (3)
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y where j; (kr) is the spherical Bessel function. For the
T potential depicted in Fig.1 the stationary function y; (£,
r) is equal to

v 11(k, r) = (L2)[APkr) + S b D(kr)]

Vi L
AE™- ™) | aet+BeX e-se™ w ik, vy = (112)[—arh( Vi) + B Cigr)] (4

to

W i (k, ) = (1/2) A1 ji (Kr)

in the regions 7, II and III, respectively. Here i (kr)
—> are the spherical Hanckel functions of the first and
Ry R, T second kind, respectively,

0

\Y%
0 2=02mV =B /1, K =[m(Vo+ BN/ h.

Fig. 1. Schematic stationary description of particle The coefficients §; (the S-matrix), ¢;, £ and 4; can
scattering in the presence of a rectangular barrier  be easily found explicitly analytically utilizing the
(1=0). continuity relations of ; (k, ») and dy; (k, ) /dr at
points R, and R,.
Now we pass to the s-scattering, i.e. to the case / = 0, introducing the functions

u, (k, r)==2ig ok, r), n=LILII, q;=k, q;=iy, qu=K, Q)
namely
up(k, r) = e™ - Se*" S=S,

ug(k,r)= ae” + pe*, a=ay. B=H, (6)
Uy (k, I") — A(e—iKr _ eiKr) , A EA@.

Imposing the continuity conditions we have:

_ R (K cosKR, + ysinKR,)(y +ik)+e*" ™) (K cos KR, — ysinKR,)(y —ik)

S N R 27(R-R,) . . (R,-Ry) >
(KcosKR, + ysinKR )(y —ik)+e*" ™ (KcosKR — ysinKR))(y +ik) *""
iw, X ik
Z(Ry—Ry) Z _ lk (7)
(one can easily see that |S| = 1) and
A = o2k 2ik ye*" ) N
(K cosKR, + ysinKR))(y —ik)+e**" ™) (K cosKR, — ysin KR )(y +ik) *"*
i 2ik ye* i)
e € A — 0 )
[KcosKR, + ysin KR, |( y —ik)

3. Subdivision of scattering into a sequence of two successive processes

We will describe the impact of the particles with this potential as a sequence of two successive processes:
in the first stage we think to an ingoing wave packet impinging from outside on the barrier, producing a
reflected wave in the external region (I), tunneling through the barrier, and finally penetrating in the well
where it is represented by an ingoing mode. In the second phase, we will consider the presence of an outgoing
wave from the well (III), which, after a reflection against the internal side of the barrier, tunnels through the
barrier and produces, finally, an outgoing mode in the external region (I).

The scheme of these processes is sketched in Fig. 2.

497



X

v i 1 I
Vi «— ik

. «—

Aqimeir e+ eX Ak
D, E
0 >
Ry R, T

Vo

Fig. 3. Schematic description of the impact of a wave

Fig. 2. Sch i iption of the i . . . .
ig. 2. Schematic description of the impact process packet with a barrier from outside.

i) Impact from outside

We will start by considering an initial wave packet, defined in the outer region (/) by means of a
superposition of ingoing spherical s-waves, and moving from outside toward the barrier region (//) where the
potential has value V; (a schematic stationary description of the impact from outside see in Fig. 3):

14
@ (r,0)=[dE g(E)e™ ™" (R, <r<w). (9)
0
When the wave encounters the barrier, it is partially reflected with wave packet:
v
D (r.0) = [dE g(E)A ™ ™" (R, <r<w). (10)
0

At the same time, the wave packet tunnels through the barrier in region (//), where it is represented by the
function:

14
@) (r,0)=[dE g(E)ae ™ + e )e™" (R <r<R,). (11)
0

After the tunnelling through the barrier, the wave packet penetrates inside the well and in region (/1) we
can write

4
o (r,f)= j dE g(E)AMe ™" (0<r<R). (12)
0
In general we can say that the wave packet is described by the expression
"
@ (r,) = [dE g(E))" (k,r)e™"", (13)
0

where the index J is I, II, III, 0 ,T or R depending on the particular mode considered, ¢,/” being the
stationary wave functions:

1(1) — e—ikr +A1(:x)eikr R2 S r< OO’

) _ —xr xr

, =ae” + e R <r<R,, (14)
) _ 4(in) —iKr
= A e 0<r<R,.
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Furthermore, g(£) is a normalized amplitude weight factor such as:
f 2
[dE|g(E)]" =N, N< o, (15)
0
We normalize equation (9) by the condition
ax [ drle, (0| =1 (16)
RZ

which is strictly possible only in the limit /'; — co. For the sake of simplicity we neglect the contribution of
the energy above the barrier, considering only cases where £ < V.

In addition, we have that 4z®’, a;, fr and A M are, respectively, the external reflection amplitude factor,
the evanescent and anti-evanescent wave amplitude factors during the first tunnelling and the internal
transmission amplitude factor. Their analytical expression can be found by imposing the continuity condition
for both the stationary wave functions and their first derivatives at the points » = R, and » = Ry, finding for the
external reflection coefficient the expression

e g2, AR + )+ e (g — k) (K — ) (17
8 (y —ik)(K = )+ e R (4 4 i) (K + y)

2 +ik
which, in the limit 7(R, - Ry) —>c0, becomes — e~ 2% Z—’k .
Y —i
For the internal transmission coefficient we get
. . . / -2 (Ry—Ry)
A;ft — e—thz-HKRl - . 4lkl,i T - . (18)
(y—ik)iK - y)+e "= (y+ik)(iK + y)
that, in the same limit as before, tends to 0.
The calculation of the probability fluxes can be used for controlling the conservation law.
The fluxes j,m, jH(l) and j Y in the three regions /, II and /I are in general defined as
0= @0 L@y -0 L@y, n =1, 11, 11 (19)
2m dr dr
One can use the approximation
[0 Gdi= [ jP ot (20)
0 —00

For quasi-monochromatic wave packet centred around the value E = <E>, i.e. when |g(E)|” is a delta
function &E - <E>), with <E> in the open interval (0, V), one obtains

[i% (r.nat
2
B ‘Al(fx) (<E>)|,

[ 38",y

0

[k (rtyde i
= x ‘al (< E>)e "B 4 g (< E >)e? 5B (21)

[ 6" 0)at

—0o0
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‘W (r,t)dt
:[0]111( ) ~K(<E>)

h k(< E>)

£ 4 (< B>
[ 38"yt

Hence, from the conservation law for the probability fluxes

[ i e = [ j0de+ [ i () (22)
one obtains:
o< B> + 522 o s =1 23)
: k(<E>)"T
that for = 0 becomes
(ex) 2 g0 2
Ay (K E>) +|4;77(<E>) =1. (24)
The phase times 72" and 72" can be defined as the evident generalization of the one-dimensional

(1-D) definitions

ki _ g d((arg 47" (E)e ™)) —R, _h O(arg(4,"(E)) _
! OE v OE

_ poarg 4" (E) 11 nK
7 OF 2(Ry,=R)) '(;Jr;)/l ) V :7 25)

and

Lo _ g O(arg(4y (E)e ™)) —R, _ 5 d(arg(4y™ (E)) 2 (26)
R OE v OE Z(Ry=Ry) vy ?

where v = fik/m .
A So we can see from the previous expressions, for
analogy with the same one-dimensional quantities, the

manifestation of the Hartmann effect and also the
v - o - absence : Qf dependenpe on the geometrical
o characteristics of the barrier R, and R,.

ii) Emission out from the barrier

Now we shall study the evolution of a wave
coming out from the central core of the system, with a

wave function given by

e
—_—
-« xr xr
Agerikr ae ™ +Pre

AT(ex) eikr

tr

v

14
D" (r0)= [dE gE)e ™" (0 <r<R) (27)
R, R, r '

Vo constructed  overlapping  stationary  solutions
propagating in the positive r-direction from the well
region. In Fig. 4 the scheme of the various waves is
Fig. 4. Schematic view of the second phase of the presented.
scattering process — the emission from inside. When the wave impinges the barrier from inside, a
reflected wave 1s formed, whose wave function

|4
DL (r,0) = j dE G(E)A{e ™= /" (0 <r<R). (28)
0
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Afterwards, in the region (/) of the barrier a system of evanescent and anti-evanescent waves
14
DY (r,0)= [dE Z(E)ae ™ + e )e ™" (R <r<R,) (29)
0
while in the outer region a propagating wave will exist
14
D (r,1)= j dE G(E) A& B (R, <r<o) . (30)
0

As in the previous case we have that § (E) is a normalized amplitude weight factor, and 4", o, /3 and

A7“? are the internal reflection, the evanescent and anti-evanescent and the external transmission amplitude
factors, respectively.
With calculations similar to that of the first part we obtain the explicit expressions of the amplitude factors

A = _ o 2KR, (x +iK)(ik - y)+ e2l(R‘7R2)(Z —iK)(ik + y) G1)
! (x —iK)(ik — )+ &5~ ( +iK )(ik + )

and
4iKZe*Z(R2 -R)

AL’X — e*fkszLiKRl ) 32
! (x —iK)(ik = )+ e (y +iK)(ik + ) 2
By the way, it is easily seen that 4\ = %A;”) .
Also in this case we can demonstrate the conservation of the current fluxes
(in) 2 k(< E >) (ex) 2 _
4" (< E>)| +RCE>) 4 (<E>)| =1, (33)
The phase times 7' and z,"“” can be also defined by the evident generalization of the general 1-D
definition from [1, 2]
in o(arg(A (E)e ™)) R 2
z_]};l( ):h ( g( R ( ) ))__1 T Nl (34)
OE v N 14

and

(ex) —ikR, (ex) .
TTI?h(ex) —h o(arg(A4; aé'E)e ) _& _ hw - T;’h(zn) SN (l+%)/;5 . (3%
v \

X (Ry—Ry)

So, we see from (34) - (35) again the manifestation of the Hartman effect with the absence of the
dependence on_R; and R,.

iii) Connection between both schemes.

Finally we shall connect the two mechanisms of scattering described above in one single scattering event,
introducing the S-matrix of scattering and considering the multiple reflections inside the potential well and
utilizing the formulas (6) - (8). Comparing them with the expressions (17) and (18), (31) and (32), one can
easily see that

A= 4" 36
1+ AN G0
R
and
A(EX)A(i")
S =—AyY —idA = -AF) + —1T y - (37)
+ Ag
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The physical meaning of the term is directly connected to the presence of a infinite sequence of

1+ Ay
multiple internal reflections that can be described by the stationary wave functions
(i) (1 _ g0m) ¢ gGmN2 _( g(im)y3 o _ A
124 m m m —IKr —IKr
AT (1_AR +(AR ) _(AR ) +..)e :me , (38)
T
. , : . : A
A;:ﬂ) (1 _ AI(QM) + (AI(QM))Z _(A}(;n)):; +...)elkr _ T o ezkr (39)
1+4
T
for the ingoing and the outgoing waves respectively.
The scattering phase time is
kR, R
R (40)

and the limit ¥(R, - R) approaching infinity it goes to 2/(vy). So in this limit, the scattering phase time

coincides with 75" .

iv) Resonances

In all the previous analysis we have disregarded the possibility that resonances develop during tunneling
and scattering.

To take into account the insurgence of resonances we rewrite the scattering matrix S in the following form

Ay +ikA
S =g AXTI (41)
A,y —ik4,
with, from the comparison with (7) we set: @ = e %% 4 =B, +e**&Rp 4 =B —e ¥ RR)p |
B, = Kcos(KR))+ ysin(KR,),B, = Kcos(KR,)— ysin(KR,) .
In the region of a resonance, we can develop S into a series of powers of (£ - E,), E, being the eigenvalue
of the energy for the resonance considered, solution of the transcendental equation 4,(£,) = 0, obtaining

0(A
( (ag())bEE, (E-E,)+i(kdy))p_p,

S=a 34 7) , (42)
(COL  (E-E,)—ikdy) pp

OE

that shows better its resonant character after rewriting it in the form

E-E, —il/2
—g———r 2 (43)
E—E +i[/2
with
r _ _k(Er)AZ(Er) _ 2k(Er)eizl(Ey)(R27Rl)BZ(Er) (44)

0A 04
2 HEN D HEN D

If x(R, - R)) is very large, we can neglect all the terms containing the negative exponential factor (with the
only exception in the numerator in (44) ) and write finally

= 2K(E, e I (E, ) 45)

with
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hK (E,)

F(E)= 1 1 (46)
Z(Er)\/m/z(ﬁ(l +Y(E)R)+ ﬁ(l +K(E,)R)))

As it is known, a narrow resonance is connected with the Breit - Wigner expressions in the cross section
and in the time delay for quasi-monochromatic particles and with an exponential decay of the compound
system in time at any fixed position »>R,, with a time constant 7 =%/1".

4. Perspectives and conclusions

We have derived and analyzed the general expressions for the elastic scattering S-matrix, for all
transmission and reflection probability amplitudes and the connection between them in a 3-D tunneling
process through a spherically symmetric barrier taking into account the multiple internal reflection.

We have also written the tunneling and reflection phase time, showing, on the basis of their expression, the
occurrence of the Hartmann effect.

We have also taken into account the resonances and written in this case the S- matrix, with the resonance
width.

The present analysis is an initial step for the comprehensive phenomenological time-dependent study of
the emission of protons or alpha-particles from a spherical compound nucleus. In these cases we can initiate
from a simple coulombian barrier

V.=7,2,&/r

(Z, e and Z, e are the charges of a daughter nucleus and an emitted particle, respectively) instead of a
rectangular potential barrier. And instead of the functions 4,"”(kr) we have to use the coulombian functions
G,(k, n, r)xi F;(k, n r) in the field of the coulombian barrier with

Fotk, ) — (k)" sin(kr — nln 2kr + 0) ,
r —> 0

Gok, n.v) — (kr)"' cos (kr — nln 2kr + 0)
V —> 0

(where 7 = Z, Z, & m/h*k, o = arg T'(1 + in)). Of course, in the realistic situations one has to use typical
phenomenological potentials (like the Saxon - Woods well) and consider also the charge distribution inside
and at the surface of a daughter nucleus.
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TYHHEJIMPOBAHUE U PACCESAHHUE YACTUI B COEPUYECKOM TPEXMEPHOM
HOTEHHHUAJIE C BAPBEPOM

B. C. OnbxoBcknii, B. Ilerpuino, 5. fAxens, B. KanTop

W3y4yeHbl TyHHEJIMPOBAaHHME M PACCESIHUE YacTHIl B TPEXMEPHOM IPSIMOYIOJLHOM Oapbepe, COIepiKalleM BHYTPU
MOTEHUUAJIBHYIO IPSMOYTOJILHYIO SIMy. YUTEHbI IBHO MHOT'OKPATHBIE BHYTPEHHUE OTPAXKEHHsI BHYTPH MOTEHIMAIBHON
sMbl. [lodydeHsl W ncciaeno0BaHbl TOYHBIE aHATMUTHYECKHE COOTHOIICHUSI MEXAY S-mampuyell yIPyroro paccesHus H
BCEMH aMIUIMTYAAMU BEPOATHOCTU (8HeWiHe20 U GHYMPEHHe20 Ompadcenuil om bapbepa, MyHHeIupoeanus Hympb u
myHHenupoganus Hapyscy). V3ydeHsl cooTBeTcTByroIuUe (a3oBble gpemera. OOCYKIeHbl KOHKPETHbIE IEePCIEKTHBBI
000011IeHNS Ha CITydail KyJIOHOBCKHX 0apbepoB M HEMPSMOYTOIBHBIX (Pa3MBITHIX) IIOTCHIHAIBHBIX SIM.
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TYHEJIIOBAHHA TA PO3CIAHHA YACTHHOK Y COEPUYHOMY TPUBUMIPHOMY
IHOTEHHIAJII 3 BAP’EPOM

B. C. OabxoBcebkuii, B. Ilerpisio, 5. SAkean, B. Kantop

BuBYeHO TyHENOBaHHS Ta PO3CISHHS YaCTUHOK y TPUBHUMIPHOMY HpPSMOKYTHOMY Oap’epi, IO MICTUTH ycepeIauHi
NPsSMOKYTHY HOTEHIiaJIbHY sMy. BpaxoBaHo SBHUM 4MHOM 0araTopa3oBi BHYTPIIIHI BiIOUTTS BCcepeANHI MOTEHIIAIBHOT
aMu. OJep>kaHo Ta JOCIHIIPKEHO TOYHI aHANITHYHI CHIBBIAHOIIEHHS MK S-Mampuyeio NpY>KHOTO PO3CISHHS Ta BCiMa
aMILTITyJaMH HMOBIPHOCTI (308HitHb020 Mma GHYMPIWHL020 6i0OUmMms 6i0 bap ’e€pa, MYHeN08AHHA 6CepeOUuHy mda
306Hi). BuBueHo BimmoBimHi ¢a3oBi wacu. OOroBOpeHO KOHKPETHI IEPCIIEKTHBH Y3araJbHEHHS Ha BHUIIAJOK
KYJIOHIBCBKHX Oap’€piB Ta HEMPSIMOKYTHUX (PO3MHUTHX ) OTCHIIATBHUX SIM.
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