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Abstract—It is shown that the height of the barrier and its position, as well the depth of the capture well,
are highly sensitive to the relative orientation of colliding strongly deformed nuclei. It is found that the
fusion/capture cross sections and the nucleus–nucleus potential for heavy nuclear systems depend greatly
on the magnitude and sign of the quadrupole deformation of nuclear surfaces. In order to describe correctly
the cross section for the capture of heavy strongly deformed nuclei, it is necessary to perform averaging over
all three angles that describe their relative orientation. Allowance for a hexadecapole deformation leads to a
significant increase in the capture cross section for very heavy nucleus–nucleus systems.
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1. INTRODUCTION

The fusion of nuclei is widely used in nuclear
physics to produce nuclei far off the beta-stability line
and superheavy nuclei, to explore the properties of
excited nuclear states and the mechanisms of their
decay, and to study the dynamics of nuclear reac-
tions [1–6]. The burning of stars is also associated
with reactions involving the subbarrier fusion of nu-
clei [7]. Nuclei studied thus far are mostly deformed.
Deformed nuclei are frequently used in experimentally
studying various nuclear reactions and are involved in
nuclear reactions proceeding in stars [8]. Therefore,
investigation of reactions between deformed nuclei at
energies in the vicinity of the barrier is of great topical
interest.

In studying in detail subbarrier-fusion reactions,
the respective cross sections were found to exceed
considerably the predictions of the model of one-
dimensional tunneling. Various models and mecha-
nisms of fusion reactions were proposed for describ-
ing a considerable enhancement of the cross section
at subbarrier energies (see [5, 6, 8–22] and references
therein).

The orientation of deformed nuclei affects signif-
icantly the barrier height [9, 13, 14, 17, 22–25] and
the shape of the capture well in the nucleus–nucleus
potential [25]. By way of example, we indicate that,
in reactions between the spherical nucleus 48Ca and
the deformed heavy nuclei 238U, 244Pu, and 248Cm—
one employs these reactions to produce superheavy
nuclei [26]—the change in the barrier height in re-
sponse to changes in orientation may be as large as
some 20 MeV [24]. Variations in the barrier height for
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different orientations of two deformed heavy nuclei are
still greater [25].

The cross section for the fusion of nuclei at ener-
gies in the vicinity of the barrier depends greatly on
the barrier height; therefore, orientation effects are of
importance for correctly calculating the cross section
for the fusion of deformed nuclei.

Our study reported in [25] was devoted to studying
in detail and calculating the potential of the inter-
action of deformed nuclei for various orientations. In
Section 2 of the present article, the approximations
used in calculating the Coulomb and nuclear interac-
tions between deformed nuclei are therefore described
only briefly. A model for calculating the cross section
for the fusion of deformed nuclei is formulated in
Section 3. In Section 4, the interaction potentials and
the fusion/capture cross section are analyzed in detail
for various systems of deformed nuclei.

2. INTERACTION OF DEFORMED NUCLEI

The relative orientation of two deformed arbitrar-
ily oriented axisymmetric nuclei in space is deter-
mined by the angles Θ1, Θ2, and Φ (see Fig. 1).
With allowance for all linear and quadratic terms in
the quadrupole deformation (β2) and linear terms in
higher deformations (βL>2) of colliding nuclei, the
Coulomb interaction of two deformed nuclei can be
represented in the form [25]

VC(R,Θ1,Θ2,Φ) (1)

=
Z1Z2e

2

R

{
1 +

∑
L≥2

[f1L(R,Θ1, R10)β1L

+ f1L(R,Θ2, R20)β2L]
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Fig. 1. Angles Θ1, Θ2, and Φ describing the relative orientation of deformed nuclei.

+ f2(R,Θ1, R10)β2
12 + f2(R,Θ2, R20)β2

22

+ f3(R,Θ1,Θ2, R10, R20)β12β22

+ f4(R,Θ1,Θ2,Φ, R10, R20)β12β22

}
.

Here, Z1 and Z2 are the numbers of, respectively,
protons and neutrons in the corresponding nucleus;
e is the proton charge; R is distance between the
centers of mass of colliding nuclei; Ri0 is the radius
of the ith nucleus, while βiL is the magnitude of the
L-pole deformation in it;

f1L(R,Θi, Ri0) =
3RL

i0

(2L + 1)RL
YL0(Θi),

f2(R,Θi, Ri0) =
6
√

5R2
i0

35
√

πR2
Y20(Θi)

+
3R4

i0

7
√

πR4
Y40(Θi),

f3(R,Θ1,Θ2, R10, R20)

=
27R2

10R
2
20

80πR4
[17 cos2(Θ1) cos2(Θ2)

− 5 cos2(Θ1) − 5 cos2(Θ2) + 1],
f4(R,Θ1,Θ2,Φ, R10, R20)

=
27R2

10R
2
20

40πR4
[cos2(Φ) sin2(Θ1) sin2(Θ2)

− 2 cos(Φ) sin(2Θ1) sin(2Θ2)];

and YL0(Θ) is the spherical harmonic of multipole
order L.

We note that, as a rule, the quadrupole defor-
mation and higher deformations of nuclei satisfy the
relation β2

2 ≈ βL>2; therefore, the formula that takes
simultaneously into account all terms that are linear
and quadratic in quadrupole deformations of nuclei
and terms that are linear in their higher deformations
is an expression accurate to order β2

2 inclusive, while
the next correction terms of order β3

2 (or β2βL>2) are
negligible at realistic values of nuclear deformations.

Also, a method for calculating the nuclear part
of the interaction VN (R,Θ1,Θ2,Φ) of two deformed

nuclei with allowance for all terms that linear and
quadratic in the quadrupole deformation and terms
that are linear in higher deformations of collid-
ing nuclei was proposed in [25]. This method is
based on the analytic form obtained for the potential
VNsph(d) [27] upon fitting 7140 potentials represent-
ing the interaction between various spherical nuclei
and emerging from calculations performed in the
extended Thomas–Fermi approximation with the
SkM∗ Skyrme forces by using frozen proton and
neutron densities in colliding nuclei, these proton
and neutron densities being found in the Hartree–
Fock–Bardeen–Cooper–Schrieffer approximation
with the SkM∗ Skyrme forces. We note that the
results obtained for the heights and radii of the
barriers with the aid of the analytic parametrization
of VNsph(d) for spherical nuclei agree well with the
corresponding experimental values from [27, 28]. In
order to take into account the effect of deformations
on the strength of the nuclear interaction between the
surfaces of colliding nuclei, we used the “proximity”
theorem [29]. In this case, the potential of nuclear
interaction between deformed nuclei is related to the
potential of interaction between spherical nuclei by an
equation of the form

VN (R,Θ1,Θ2,Φ) (2)

≈ 1/R10 + 1/R20[
(C ||

1 + C
||
2 )(C⊥

1 + C⊥
2 )

]1/2

× VNsph(d(R,Θ1,Θ2,Φ, R10, R20, β12,

β22, β1L, β2L)),

where VNsph(d) is the nuclear part of the interaction
as found for spherical nuclei by formulas from [27]
for the distance d = d(Rsph − R10 − R20) = Rsph −
R10 − R20 between the surfaces of the nuclei, Rsph

being the distance between the centers of the in-
teracting nuclei; R10 and R20 are the radii of the

interacting nuclei; and C
||
i and C⊥

i are the principal
curvatures of the deformed surface of a nucleus at
the point closest to the surface of the other nucleus.
The formulas for calculating the principal curvatures
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of a deformed nucleus were derived in [25] with al-
lowance for all terms that are linear and quadratic
for the quadrupole deformation (β2) and the terms
that are linear in higher deformations (βL>2) of the
nuclear surface. In view of the importance of know-
ing, to the highest possible accuracy, the minimum
distance d(R,Θ1,Θ2,Φ, R10, R20, β12, β22, β1L, β2L)
between the deformed surfaces for calculating the po-
tential [23, 30], this distance was determined precisely
by numerical methods.

At any point of the surface of a spherical nucleus,
the principal curvatures are C || = C⊥ = 1/R0, where
R0 is the radius of this surface. It follows that, in
the limit of negligible deformations, expression (2) for
the potential of deformed nuclei also describes the
potential of spherical nuclei.

For various orientations of a deformed nucleus, the
difference of the results found numerically and with
the aid of the above approximate expressions (1) and
(2) for the potentials of a spherical and a strongly
deformed nucleus, VC(R,Θ1,Θ2,Φ) + VN (R,Θ1,
Θ2,Φ), is less than 1% in the vicinity of the bar-
rier [24], and this is indicative of a high accuracy of
the proposed method for calculating the potential.

The terms that are quadratic in the deformation
of nuclei contribute to the potential of interaction
between very heavy nuclei [25]. Therefore, it would
be useful to calculate the cross section for the fusion
of two deformed nuclei as a function of deformation
in the vicinity of the barrier by using the nucleus–
nucleus potential from [25]. In this case, one could
clarify the effect of the terms that are quadratic in the
quadrupole deformation of nuclei on the fusion cross
section, as well as the dependence of the fusion cross
section on the deformation type (prolate, βi2 > 0, ver-
sus oblate, βi2 < 0) and on the masses and charges of
interacting nuclei.

It should be noted that reactions involving the
fusion of deformed nuclei were studied in [9, 13, 14].
In the calculation of the nucleus–nucleus potential
in [13, 14], only the terms that are linear in the
quadrupole deformation of nuclei (that is, terms pro-
portional to βi2) were taken into account. In [9], not
all of the terms that are quadratic in the quadrupole
deformation (β2

i2) were taken into account in calculat-
ing the Coulomb interaction of deformed nuclei; also,
crossed terms proportional to β12β22 were discarded
there. We indicate that the crossed terms proportional

to β12β22 determine the interaction potential as a
function of the angles Θ1, Θ2, and Φ.

3. FUSION OF DEFORMED NUCLEI

Various relative orientations are possible for col-
liding nuclei; therefore, it is necessary to average the
cross section over all possible orientations of de-
formed nuclei. Thus, we have

σ(E) =
π�

2

2μE

∑
�

(2� + 1) (3)

× 〈T (E, �,Θ1,Θ2,Φ)〉 =
π�

2

2μE

∑
�

(2� + 1)

× 1
8π

π∫
0

sin(Θ1)dΘ1

π∫
0

sin(Θ2)dΘ2

×
2π∫
0

dΦT (E, �,Θ1,Θ2,Φ).

Here, T (E, �,Θ1,Θ2,Φ) is the transmission coeffi-
cient that describes the penetration through the bar-
rier and which one calculates at a collision energy
E and for the relative orientation of nuclei that is
specified by the angles Θ1, Θ2, and Φ; � is the relative
orbital angular momentum of colliding nuclei; and
angular brackets denote averaging over the relative
orientations of the nuclei involved.

We note that, as nuclei approach each other, they
can slightly rotate owing to the effect of Coulomb and
nuclear forces. For example, the long-range Coulomb
potential at a given distance between prolate nuclei
has a minimum value at Θ1 = Θ2 = 90◦ [25, 31];
therefore, the Coulomb interaction tends to increase
the angles Θ1 and Θ2 at the stage of approach and
to render them closer to Θ1 = Θ2 = 90◦. On the con-
trary, the short-range nuclear interaction pushes the
orientation of prolate nuclei toward Θ1 = Θ2 = 0◦.
However, calculations reveal that variations in angles
as the nuclei approach each other can be neglected
since they are about a few degrees.

For subbarrier collision energies, we will use the
transmission coefficient determined in the Wentzel–
Kramers–Brillouin approximation [32]. In this case,
the transmission coefficient has the form

T (E, �,Θ1,Θ2,Φ) =

⎧⎪⎨
⎪⎩1 + exp

⎡
⎢⎣2

�

b(E,�,Θ1,Θ2,Φ)∫
a(E,�,Θ1,Θ2,Φ)

√
2μ[V (R, �,Θ1,Θ2,Φ) − E]dR

⎤
⎥⎦
⎫⎪⎬
⎪⎭

−1

, (4)
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where a(E, �,Θ1,Θ2,Φ) and b(E, �,Θ1,Θ2,Φ) are,
respectively, the inner and outer turning points; μ is
the reduced mass of nuclei;

V (R, �,Θ1,Θ2,Φ) = VC(R,Θ1,Θ2,Φ) (5)

+ ηVN (R,Θ1,Θ2,Φ) +
�

2�(� + 1)
2μR2

is the total nucleus–nucleus interaction potential
calculated at the distance R between the centers of
mass of the nuclei and for the relative orientation
of nuclei that is specified by the angles Θ1, Θ2, and
Φ; and η is an adjustable coefficient that determines
the contribution of the nuclear potential component
VN (R,Θ1,Θ2,Φ) to the total potential. The inner and
outer turning points are determined from the con-
ditions V (a(E, �,Θ1,Θ2,Φ), �,Θ1,Θ2,Φ) = E and
V (b(E, �,Θ1,Θ2,Φ), �,Θ1,Θ2,Φ) = E, respectively.

At collision energies above the barrier, the trans-
mission coefficient is determined by the Hill–Wheeler
expression [33]

T (E, �,Θ1,Θ2,Φ) (6)

=
{

1 + exp
[
2π

Vbar(�,Θ1,Θ2,Φ) − E

�Ω

]}−1

,

which takes into account the above-barrier re-
flection from a parabolic barrier. Since the height
Vbar(�,Θ1,Θ2,Φ) of the barrier, its curvature

�Ω =

√
−�2

μ

d2V (r, �,Θ1,Θ2,Φ)
dr2

∣∣∣∣∣
r=Rbar(�,Θ1,Θ2,Φ)

,

and its position Rbar(�,Θ1,Θ2,Φ) depend signifi-
cantly on the orientation of the nuclei—that is, on
the angles Θ1, Θ2, and Φ—and on the orbital angular
momentum � of nuclei, the transmission coefficient
calculated with the aid of Eq. (4) or (6) also depends
strongly on the relative orientation of nuclei and on �.

With the aid of formulas (1) and (2) and formulas
from [25], the potential V (R, �,Θ1,Θ2,Φ) and the
height of the barrier can easily be calculated for any
relative orientation of the nuclei (as specified by the
angles Θ1, Θ2, and Φ) and any distance R between
the nuclei. Further, we substitute the values found for
the potential into Eq. (4) or (6) in order to determine
the transmission coefficient for the chosen relative
orientation of nuclei. After averaging over various
relative spatial orientations of nuclei (3), we obtain
the fusion cross section.

It was indicated above that, in calculating the fu-
sion of two deformed nuclei, it is necessary to average
the cross section over all possible relative orienta-
tions of colliding nuclei since, under experimental
conditions, colliding nuclei may have various relative
orientations. Different values of the barrier height

Nuclear quadrupole- and hexadecapole-deformation pa-
rameters used in the calculations of the fusion cross sec-
tions

Nucleus β20 β40

24Mg 0.438 0
28Si −0.407 0
48Ca 0 0
50Cr 0.293 0
58Fe 0.2587 −0.019
150Nd 0.2848 0.107
154Sm 0.34 0
158Gd 0.3484 0.079
238U 0.2863 0.093
244Pu 0.2931 0.062
248Cm 0.2972 0.040

and different shapes of both the potential barrier and
the capture well correspond to different values of the
angles Θ1, Θ2, and Φ. Therefore, it is interesting to
investigate the effect of various approximations on the
cross section—for example, the approximation where
one ignores integration with respect to some angle
(in particular, the angle Φ). It should be noted that
averaging over the angle Φ is frequently disregarded
in studying the subbarrier fusion of two deformed
nuclei (see, for example, [9, 13, 14, 34]).

The cross section for the production of superheavy
nuclei has a maximum at energies 5 to 10 MeV lower
than the barrier energy obtained in our approximation
(see [24, 25]). Because of this, we are interested in
the capture cross sections for heavy nuclei in the
vicinity of the barrier where the effect of the loss of
kinetic energy at the initial stage of a collision event
on the reaction cross section is small. The potential
parametrization used in [34] and in previous studies
of the same authors leads to a lower barrier height
in relation to our estimates (see the details in [24]);
therefore, the loss of kinetic energy at the initial stage
of a collision event and coupling to other reaction
channels are important in the approximation used
in [34].

4. DISCUSSION OF THE RESULTS

First, we will study in detail the potentials and
fusion cross sections for light and medium-mass nu-
clei and then address the case of heavy nucleus–
nucleus systems. This partition of systems of colliding
nuclei in mass is motivated by the fact that a com-
pound nucleus is always formed after the barrier is

PHYSICS OF ATOMIC NUCLEI Vol. 73 No. 7 2010
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Fig. 2. (а) Total potential of the nuclear interaction in the 24Mg + 24Mg system for various relative orientations of the nuclei
involved. (b) Fusion cross section versus the energy for the 24Mg + 24Mg reaction. The closed circles represent experimental
data. The solid and dashed curves stand for the fusion cross section calculated, respectively, in the most accurate approximation
and under the assumption that both nuclei are spherical. The open boxes and triangles correspond to the calculations,
respectively, without the quadratic terms in the quadrupole deformation of both nuclei and without averaging over the angle Φ
(these points are connected by lines in order to guide the eye).

overcome by colliding light and medium-mass nu-
clei. But in the case of heavy-ion collisions followed
by the formation of two fused nuclei in a potential
pocket after they have overcome the fusion barrier,
the resulting nuclear system may evolve differently.
A compound nucleus may arise, or the system may
undergo breakup, skipping the compound-nucleus
stage (quasifission)—see [24, 35, 36] and references
therein. In the case of heavy nuclear systems, we will
therefore analyze the cross section for the formation
of a dinuclear system in a potential pocket (capture

cross section). This cross section is also described by
relations (3)–(6).

We will analyze available experimental data on
the fusion of light and medium-mass deformed nu-
clei [37–39]. In the case where very heavy dinuclear
systems are formed upon a collision of nuclei, ex-
perimental data on the capture cross section were
obtained at several values of the collision energy for
a deformed and a spherical nucleus [36]; for two de-
formed nuclei, these cross sections were measured at
only one collision energy [36].
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Fig. 3. (a) Total potential of the interaction in the the 154Sm + 28Si system for various relative orientations of the nuclei
involved. (b) Fusion cross section versus energy for the 154Sm + 28Si reaction. The notation for the curves and points is
identical to that in Fig. 2.

4.1. Cross Section for the Fusion of Light
and Medium-Mass Nuclei

In order to clarify the role of the deformation type
(prolate versus oblate) and the effect of the terms
involving β2

12, β2
22, and β12β22 on the fusion cross

section, we will consider in detail the 24Mg + 24Mg
(both nuclei are prolate), 154Sm + 28Si (an prolate
and an oblate nucleus), and 28Si + 28Si (two oblate
nuclei) fusion reactions. The experimental values of
the quadrupole deformations for these nuclei were
borrowed from [40] and are presented here in the
table. In Figs. 2a, 3a, and 4a, we show potentials
for characteristic relative orientations of the nuclei,

while, in Figs. 2b, 3b, and 4b, we compare fusion
cross sections calculated in various approximations
and experimental data [37–39].

A good description of experimental fusion cross
sections at energies above the barrier was attained by
varying the parameter η [see Eq. (5)]. A variation in η
leads to a change in the barrier height and position,
and this makes it possible to fit readily the cross
section at high energies. However, the cross section
at subbarrier energies depends greatly on taking into
account various mechanisms of tunneling through
the barrier and on the accuracy in calculating the
potential. We have determined the following values
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Fig. 4. (a) Total potential of the interaction in the 28Si + 28Si system for various relative orientations of the nuclei involved. (b)
Fusion cross section versus energy for the 28Si + 28Si reaction. The notation for the curves and points is identical to that in
Fig. 2.

for the 24Mg + 24Mg, 154Sm + 28Si, and 28Si + 28Si
reactions: η = 0.95, 0.96, and 0.955.

In Figs. 2–4, we present the fusion cross sections
calculated in the approximation of spherical nuclei.
This approximation makes it possible to describe the
fusion cross section at high energies (above the bar-
rier), but, at subbarrier energies, it underestimates
strongly experimental data for the 24Mg + 24Mg and
154Sm + 28Si systems. Upon taking into account the
deformations of colliding nuclei, the subbarier-fusion
cross section increases considerably, which improves
substantially the description of experimental data over
the entire energy range being considered.

For the 24Mg + 24Mg and 28Si + 28Si systems,
which are quite light, the effect of second-order terms
in the quadrupole deformation on the fusion cross
section cannot be traced, while, for the 154Sm + 28Si
system, it is insignificant. For all systems, variations
in the orientation angle Φ do not lead to any sizable
effect.

The above features in the behavior of the fusion
cross section follow from the dependence that we
presented for the total nucleus–nucleus potential in
the case of various orientations of nuclei. From Fig. 4,
one can see that variations in the orientation of light
oblate nuclei forming the 28Si + 28Si system lead to
insignificant variations in the barrier height; therefore,
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the cross sections calculated for spherical nuclei are
close to the cross sections found in our most precise
approximation, which takes into account the defor-
mations of nuclei and averaging over all angles. In
contrast to the results obtained in this case, sub-
stantial changes in the barrier height in response to
variations in the angles Θ1 and Θ2 can clearly be seen
in Fig. 2 and especially in Fig. 3. By way of example,
we indicate that, in the case where the orientation
of the nuclei in the 24Mg + 24Mg system is specified
by the angles of Θ1 = Θ2 = 0◦, the barrier height
is less than that in the case of spherical nuclei by
several MeV units. This dependence of the barrier
height on the relative orientation of nuclei leads to
a sizable increase in the cross section for subbarrier
energies. For the 154Sm + 28Si system, the barrier is
the lowest at Θ1 = 0◦ and Θ1 = 90◦. We note that it is
lower than that in the case of the respective spherical
nuclei by about 9 MeV, and this is the reason for a
significant increase in the fusion cross section in the
region of low energies.

In describing the aforementioned reactions, it is
of paramount importance to take into account aver-
aging over the angles Θ1 and Θ2. If the averaging
over these angles were not performed, the fusion cross
section determined, for example, in the case of the
orientation corresponding to the maximum barrier
height would be smaller than the cross section cal-
culated in the approximation of spherical nuclei.

As was shown in [25], a variation in the angle Φ
leads to sizable changes in the barrier height for the
case of heavy nuclear systems; therefore, the effect
of averaging over the angle Φ on the fusion cross
sections is insignificant for light and medium-mass
nuclear systems (see Figs. 2–4).

4.2. Capture Cross Section for Heavy Nuclei

Capture cross sections for heavy nucleus–nucleus
systems are of particular interest since the synthesis
of superheavy elements occurs in these reactions [26]
and since this capture process resulting in the for-
mation of a system of fused touching nuclei is the
initial stage of the process of superheavy-element
formation [24, 35, 36].

The experimental capture cross sections were
measured by Itkis et al. [36] for asymmetric nuclear
systems. Therefore, we begin our analysis by con-
sidering the capture cross section in the case of a
collision between mass-asymmetric nuclei. Unfor-
tunately, experimental data are available only for a
limited set of reactions and energies. We will analyze
the entire set of available data. We will first consider
mass-asymmetric reactions between a spherical and
a deformed nucleus and then investigate the capture
cross section in a collision between deformed nuclei.
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allowance for the hexadecapole deformation of the nuclei
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Fig. 6. (а) Total potential of the interaction between the
nuclei in the 48Сa + 244Pu system for various relative
orientations of its constituents. (b) Capture cross section
as a function of energy for the 48Сa + 244Pu reaction (the
notation is identical to that in Fig. 5).

It is also of interest to study the capture cross section
for nuclei close in mass. A characteristic example of
such a reaction is given at the end of Section 4.2.
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Collisions of mass-asymmetric nuclei. In Figs. 5,
6, and 7, we compare the results of the calculations
with experimental data on the capture cross sections
for the 48Ca + 238U, 48Ca + 244Pu, and 58Fe + 248Cm
reactions, respectively. The cross sections calculated
with allowance for the second-order terms in the
quadrupole and hexadecapole deformations of the
238U, 244Pu, 58Fe, and 248Cm nuclei agree well with
experimental data. The experimental values of the
quadrupole deformation for these nuclei were bor-
rowed from [40], and the hexadecapole-deformation
values used here were calculated in [41]. These
parameter values are presented in the table. For the
48Ca + 238U, 48Ca + 244Pu, and 58Fe + 248Cm reac-
tions, we employed the η values of η = 0.94, 0.894,
and 0.96, respectively.

In the approximation where colliding nuclei are
spherical, the experimental values of the capture cross
section are significantly underestimated. This under-
estimation of the capture cross section may be due to
the fact that the potential-barrier height calculated for
spherical nuclei exceeds the barrier height calculated
with allowance for deformation of the heavy nucleus
whose orientation is specified by an angle of Θ1 = 0◦
(see Fig. 6a). Moreover, the potential well calculated
in the spherical-nucleus approximation is shallower
than the potential well calculated with allowance for
the deformation of nuclei. Therefore, the well can
capture a smaller number of partial waves, and this
leads to a decrease in the cross section even at high
energies. This effect is the most pronounced in the
58Fe + 248Cm reaction: at high energies, the capture
cross section for this reaction is an order of magnitude
smaller than the capture cross sections for the 48Ca +
238U and 48Ca + 244Pu reactions. We also note than
the hexadecapole deformation of the 248Cm nucleus is
smaller than that of the 238U and 244Pu nuclei.
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Fig. 8. Capture cross section as a function of energy for
the 48Сa + 248Cm and 50Сr + 248Cm reactions.

Although the hexadecapole deformation is small
in heavy nuclei, its inclusion has a significant effect
on cross-section values, especially at low energies
(see Figs. 5–7). This is because the hexadecapole
deformation affects the barrier height and changes
significantly the depth of the capture well for some
orientations of nuclei.

In [34], 48Ca + 238U and 48Ca + 244Pu capture
cross sections close to our values were obtained at
collision energies corresponding to the maximum
yield of three neutrons from the compound nucleus.
No hexadecapole deformation of nuclei was taken
into account there, but a different parametrization of
the nuclear component of the interaction between the
nuclei was used.

We note that, as the mass and the charge of
colliding nuclei increase, the depth of the well de-
creases [24, 25]. This leads to a decrease in the
capture cross section; for especially heavy systems,
the capture cross section vanishes because there is no
capture well in the potential. For example, the capture
cross section for the 76Se + 244Pu reaction is smaller
than that for the lighter 58Fe + 248Cm system, and
the accuracy in calculating the potential and the role
of the hexadecapole deformations are of paramount
importance for evaluating cross sections.

The 50Cr nucleus is a strongly deformed even–
even nucleus. It is convenient to use this nucleus—in
the same way as the 48Са nucleus—for experiments
devoted to synthesizing superheavy nuclei. In plan-
ning future experiments in this field, it is therefore
of interest to compare the cross sections for capture
on two neighboring nuclei (48Са and 50Cr) and on
the same heavy target nucleus (248Cm). We note
that the 50Cr nucleus has a significant quadrupole
deformation in contrast to the spherical doubly magic
48Са nucleus. Figure 8 shows the capture cross
sections for the 48Ca + 248Cm and 50Cr + 248Cm
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reactions according to the calculations performed at
η = 0.94. The capture cross sections calculated for
the 48Ca + 248Cm reaction in the high-energy region
are one order of magnitude larger the corresponding
values for the 50Cr + 248Cm reaction. However, the
capture cross sections for the 50Cr + 248Cm and
58Fe + 248Cm reactions are close to each other
(see Figs. 7 and 8). Making a rough assumption
that the stages of the superheavy-element synthesis

that follow capture in 48Ca + 248Cm ⇒ 296−x116 +
xn, 50Cr + 248Cm ⇒ 298−x120 + xn, and 58Fe +
248Cm ⇒ 306−x122 + xn collisions are identical, we
find that the cross section for the production of the
element 116 is one order of magnitude larger than the
cross section for the production of the elements 120
and 122; that is, it is about 0.1 pb. Here, we consider
that the experimentally measured value of the cross
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section for the production of the element 116 is about
1 pb [26].

If the same superheavy nucleus (with Z � 120)
can be synthesized in collisions of different isotopes
of target and projectile nuclei, a colliding system that
consists of more deformed target and projectile nuclei
is preferable because it may have a deeper capture well
for some orientations of colliding nuclei; therefore, it
may have a larger capture cross section.

Collisions of nuclei close in mass. In the case
of collisions between nuclei that are close in mass
(such collisions lead to the production of a very heavy
nuclear systems), the depth of the well and the cap-
ture cross section decrease [24]. For the two strongly
deformed nuclei in the 150Nd + 158Gd system, the
nucleus–nucleus potential for various relative orien-
tations of the nuclei is given in Fig. 9 along with
the capture cross section calculated in various ap-
proaches. The values of the deformations for these
nuclei were borrowed from [40] and are given in the
table. This reaction may lead to the production of an
element involving 124 protons.

The nucleus–nucleus potentials are depicted in
Fig. 9 at values of the angles Θ1 and Θ2 such that the
potentials possess the maximum depth of the capture
well. With allowance for the hexadecapole deforma-
tion, these angles are Θ1 = 55◦ and Θ2 = 60◦. At
the same time, these angles are Θ1 = Θ2 = 90◦ if the
hexadecapole deformation is not taken into account.
In either case, the depth of the capture well reaches a
maximum at an angle of Φ = 0◦.

In the spherical-nucleus approximation, the
nucleus–nucleus potential for the 150Nd + 158Gd
system does not have a potential well (Fig. 9);
therefore, the capture cross section vanishes in this
approximation.

For such heavy and almost symmetric systems, it
is of paramount importance to take into account the
hexadecapole deformation and to perform averaging
over all angles describing the relative orientation of
nuclei in calculating both the potential and the fusion
cross section. Figure 9a gives the results obtained
for the potentials with (right panel) and without (left
panel) hexadecapole deformation. The inclusion of the
hexadecapole deformation leads to a sizable increase
in the depth of the potential well at some relative
orientations of the nuclei and, hence, to an increase
in the number of captured partial waves. This depen-
dence of the potential on the hexadecapole deforma-
tion is also reflected in the capture cross section. As a
result, the cross sections calculated with and without
allowance for the hexadecapole deformation differ very
strongly (see Fig. 9b).

The dependence of the potential on the angle Φ is
also quite pronounced. Analyzing the behavior of the

curves in Fig. 9, we note that the barrier height and
the depth of the well depend significantly on the angle
Φ. The dependence of the depth of the potential well
on the angle Φ is responsible for different values of the
capture cross section at above-barrier energies; at the
same time, the dependence of the the fusion-barrier
height on the angle Φ manifests itself at low energies.
If the hexadecapole deformation is taken into account,
the symmetry axes of nuclei are nearly parallel at Φ =
0◦, because Θ1 = 55◦ ≈ Θ2 = 60◦ in this case. But at
Φ = 180◦, the symmetry axes of the nuclei are nearly
orthogonal. As a result, the potentials calculated at
Φ = 0◦ and Φ = 180◦ or at Φ = 30◦ and Φ = 150◦ are
different.

The effect of averaging over the angle Φ on the
capture cross section is studied by fixing some values
of the angle Φ. Choosing the values of Φ = 0◦, 90◦,
and 180◦, for example, and not performing averaging
over Φ, we obtained different values of the cross sec-
tion (see Fig. 9). The capture cross section calculated
at Φ = 0◦ is maximal and exceeds the values obtained
by means of our precise calculation. However, the
capture cross section calculated for the orientation
corresponding to Φ = 90◦ is underestimated in rela-
tion to the values obtained from the precise calcula-
tions.

We have investigated in detail the dependence of
the capture cross section on the angle Φ, because
we deemed that the importance of averaging over the
angles Θ1 and Θ2 is obvious.

If we neglect the hexadecapole deformation of nu-
clei, the inclusion in the nucleus–nucleus potential of
quadratic terms in the quadrupole deformation leads
to insignificant variations in this potential in relation
to the potential calculated with allowance for only
linear terms in the quadruple deformation. Therefore,
the capture cross section also changes only slightly in
these cases (see Fig. 9). We note, however, that β2

2 ≈
βL>2; therefore, it is necessary to take into account β2

2
terms as well in a consistent accurate calculation of
both the potential and the capture cross section with
allowance for the hexadecapole deformation.

5. CONCLUSIONS

To summarize, we list our basic results.
(1) Variations in the relative orientation of de-

formed nuclei change significantly the barrier height,
the barrier position, the depth of the capture well, and
the shape of the nuclear potential.

(2) For light nuclear systems, the effect of quadratic
terms in the quadrupole deformation in the nuclear
potential and the effect of averaging over the angle Φ
are small. As the charges and the masses of colliding
nuclei increase, averaging over the angle Φ affects
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more strongly both the capture (fusion) cross section
at subbarrier energies and the barrier height.

(3) A prolate deformation of the nucleus affects
most strongly both the nuclear potential and the cap-
ture (fusion) cross section in the case of light and
heavy nuclei. An oblate deformation of the nucleus
has an effect both on the nucleus–nucleus potential
and on the capture (fusion) cross section for heavy
nuclear systems.

(4) The inclusion of a hexadecapole deformation
is of particular importance in calculating the capture
cross section in heavy nuclear systems. The reason
for this is that a hexadecapole deformation leads to a
significant increase in the well depth at some relative
orientations of colliding nuclei.
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